HYPERBOLIC POSITIVE ENERGY THEOREM WITH 
ELECTROMAGNETIC FIELDS 
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Abstract. We establish a type of positive energy theorem for asymp- 
totically anti-de Sitter Einstein-Maxwell initial data sets by using Wit- 
ten's spinoral techniques. 



1. Introduction 

As a fundamental result in general relativity, the positive mass theorem 
states that an isolated gravitational system satisfying the dominant energy 
condition must have nonnegative total mass. Schoen and Yau first gave 
a rigorous proof of this theorem for asymptotically flat initial data sets 
[13l HU [15] . Soon later, Witten provided a different proof by using spinoral 
techniques [19j. Parker and Taubes gave a rigorous proof of the theorem 
based on Witten's method [T^]. Later on, Gibbons and Hull successfully 
generalized Witten's argument to asymptotically flat initial data sets with 
electromagnetic fields [9|. Gibbons, Hawking, Horowitz and Perry discussed 
the positive energy theorems for asymptotically flat initial data sets with 
black holes [8]. 

For certain spacetimes with nonzero cosmological constant, the positive 
energy theorem should also be true. Wang [17] and Chrusciel and Herzlich [6] 
gave the definition of the mass for asymptotically hyperbolic manifolds in the 
time symmetric case and the proof of its positivity respectively. Soon after 
that, for initial data sets with nonzero second fundamental form, Maerten 
|11) and Chrusciel, Maerten and Tod [7J established corresponding positive 
energy theorems, which gave the upper bounds for angular momentum and 
center of mass. They assumed that the energy-momentum vector m(^) was 
timelike and rm {i = 1,2,3) may be zero after an asymptotic isometry. 
Recently, the first author, Xie and Zhang [18] considered the general case 
and established corresponding positive energy theorem for the initial data 
sets asymptotic to the anti-de Sitter spacetime in polar coordinates 

QAdS = - cosh^{Kr)df + dr^ + ^-^^^^{dO^ + sin^ Od^l,^), (1.1) 

where 

-oo <t < oo, 0<r<oo, 0<6'<7r, 0<^<27r. 

We also refer to [1] and |3] for physical discussions. 
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This paper aims at generalizing the results in [18] to asymptotically anti- 
de Sitter spacetimes with electromagnetic fields. Similar to [18], we gen- 
eralize Witten's spinoral method to a type of asymptotically anti-de Sitter 
spacetimes with electromagnetic fields. We provide a rigorous proof of the 
Poincare inequality which ensures the existence and uniqueness of the solu- 
tion for the Dirac-Witten equation. Similar to [9], we give a lower bound of 
the total energy in terms of the new quantities we define. 

This paper is organized as follows: In Section 2, we give the explicit form 
of imaginary Killing spinors along time slices in the anti-de Sitter space- 
time. These results are contained in [18]. We write them down here just for 
completeness. In Section 3, we give the definition of total energy, total mo- 
menta, total electric charge, and total magnetic momenta for asymptotically 
anti-de Sitter Einstein-Maxwell initial data sets. In Section 4, we derive the 
Weitzenbock formula and prove the existence and uniqueness of the solution 
for the Dirac-Witten equation. In Section 5, we prove our positive energy 
theorem for asymptotically anti-de Sitter Einstein-Maxwell initial data sets 
and discuss the case with black holes. A new positive energy theorem for 
asymptotically anti-de Sitter initial data sets is established also. Finally, in 
Section 6, we present our calculations for the Kerr-Newman-AdS spacetime. 



2. The anti-de Sitter spacetime 



The anti-de Sitter (AdS) spacetime (jl.ip with negative cosmological con- 
stant A = —3k^ < 0, denoted by {N,gAds), is a static spherically symmetric 
solution of the vacuum Einstein equations. The t-slice {M^,g) is the hyper- 
bolic 3-space with constant sectional curvature — k^, where k > 0. 



Let the associated orthonormal frame be 

1 9 (9 K d 
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and denote e" as its dual coframe. 



For the following application, we fix the following Clifford representation 
throughout this paper: 
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For the anti-de Sitter spacetime, the imaginary Kihing spinors '3>o, defined 



as 



Vx'^^^Q + "^^-^X -$0 = 0, VX e TM^, 



are all of the form 



W^e 2 + li e 2 \ 

I Kr Kr 

v^e 2 + v~e 2 

T 4- — I T — —HL. 

—\u^e 2 + y— l-u e 2 



(2.2) 



along the 0-slice, where 



u 



u 



= Aie 2 '/^ sm - + A2e 2 'f' 



cos-, 



= Ase 



2 ^ sm - + A4e 2 



cos 



2' 



= —Ase 2 ^cos- + A4e 2 ^sm-, 



-Aie 



cos - + A2e 2 



sm -. 
2 



Here Ai, A2, A3, and A4 are arbitrary complex numbers. 



3. DEFINITIONS 



Suppose that (A'', g) is a Lorentzian manifold with the metric g of signature 
(— 1, 1, 1, 1) satisfying the Einstein field equations 

Ric-^g + Ag = T, (3.1) 

where Ric, R are the Ricci and scalar curvatures of g respectively, T is the 
energy-momentum tensor of matter, and A is the cosmological constant. Let 
M be a 3-dimcnsional spacclikc hypcrsurface in N with the induced metric 
g and p be the second fundamental form of M in A'^. E and B are two vector 
fields on M, representing the electric and magnetic fields respectively. The 
set {Ad, g,p, E, B) is called an Einstcin-Maxwcll initial data set. In this 
paper, we will focus on the following type Einstcin-Maxwcll initial data set. 

Definition 3.1. An Einstein- Maxwell initial data set {M, g,p, E, B) is asymp- 
totically AdS of order t > | if: 

(1) There is a compact set K such that M^o = M\K is diffeomorphic to 
M.^\Br, where Bj. is the closed ball of radius r with center at the coordinate 
origin; 

(2) Under the diffeomorphism, gij = g{ei,e.j) = 5ij + aij, pij = p{ei,ej), 
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E = E^ei, B = B''ei satisfy 

ai, = 0(6-^"^), Vkaij = Oie'^n, ^i^kai, = 0(6-^^, 

\E\^g=0{e-^n, \B\s = Oie'^n, 

where V is the Levi-Civita connection with respect to the hyperbolic metric 
g and a is independent of r; 

(3) divE G L^{M), divB G L^{M), and there is a distance function pz such 
that Tooe^P', Toic'^P- G L^{M). 

Remark 3.1. (1) For simplicity, we just assume that the initial data 
set has only one end. The case of multi-ends is similar. 
(2) For the initial data set {M, g,p, E, B) above, one may get another 
initial data set (M, g,p, E' , B') by duality rotation [16], with the same 
energy-momentum tensor contributed by electromagnetic filed and 
\E'\-g = 0(e-2«'-), \B'lg = O(e-2'^0 and B'^ = 0(6'^'^'') on the end. 
Hence we may assume the original initial data set has the property 
B^ = Oie-^"''). 



To get our definitions, recall that the AdS spacetime is just the hyper- 
boloid {riapy'^y^ = ;|} of M^'^ with the metric 

3 

Vo.pdy'^dy^ = -{dy^f + Y.{dy'f - {dy^f. 

i=l 

The ten Killing vectors 

d d 

generate rotations for M^'^. By restricting these vectors to the hyperboloid 
{Vapy'^y^ — Ji) with the induced metric, the Killing vectors of AdS space- 
time can be derived, denoted as Uap also. See appendix for the explicit form 
of Uafi along the 0-slice. 

Denote 

£i = ^^Qij - "^itrgig) - K{aii - giitr-g{a)), 

Vki = Pki - 9kitr-g{p). 

Then we can define the following quantities for the asymptotically AdS 
Einstein-Maxwell initial data set. 

Definition 3.2. For the asymptotically AdS Einstein-Maxwell initial data 
set, the total energy is defined as 

Eo = — hm / SiU^Jn'oJ, 
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the total momenta are defined as 



IGtT r-5>oo 



s ''^ 



c',=^V lim / VjiUi 
Ji =^y\ lim / VjiVl-oj, 



i=2 

t/ie toto/ electric charge is defined as 

q = — lim / E^LV, 

4tt r-5-oo Jg^ 

and the total magnetic momentum is defined as 

1 

4:TT r— >oo 



ba = ^ lim / S^n^e^^w, 



where w = A e"^, C/q,^ = U^'j^e^, 

nP = 1, n} = sin ^ cos V', = sin sin -f/;, JT-^ = cos^. 
Remark 3.2. For Reissner-Nordstrom AdS spacetime with the metric 

g = -fdt^ + + r^dn^ / = 1 - ^ + § + 

anc? i/ie yieW strength tensor 

Q 

F = -^dtAdf, 
the total electric charge q is just Q. 

4. The Weitzenbock formula and the Dirac-Witten equation 

Let {N,g) be a spacetime with the metric g of signature (—1, 1, 1, 1) and 
{M, g,p, E, B) be an asymptotically AdS Einstein-Maxwell initial data set 
of N. As M is spin, we can choose a spin structure, and thus a spinor 
bundle S over M. This is the same as in [12]. Denote V, V the Levi- 
Civita connections with respect to g, g respectively, and their lifts to the 
spinor bundle S. There is a positive definite Hermitian metric (•, •) on S, 
with respect to which Cj is skew-Hermitian and cq is Hermitian|12 1 l22 l I21j. 

Furthermore, V is compatible with (•, •), but V is not. 

For a fixed point x £ M, we choose a suitable local orthonormal basis 
60)61,62,63, with Vej6j(x) = for i,j = 1,2,3 and Veo6j(x) = for j = 
1, 2, 3, then 



Ve,6o(x) =Pijej, Ve,ej{x) =Pijeo, 
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where pij = ^(Vejeo, ej) is the component of the second fundamental form. 
Denote {e"} as the dual coframe of {ea}. The two connections on the spinor 
bundle S are related by Vj = Vj — ^PijCo ■ ej-. 

We define the imaginary Einstein-Maxwell connection as 

Vi = Vj - -Pijeo ■ ej ■ H — • --E • • eo • --ejkiBjek ■ ei ■ Cj-, 

and define the associated Dirac-Witten operator as 

3 

. V, - D - 2^„_„ 2 " ' 2' 



3 13 1 
-D = ^ Cj • Vj = D - -pueo - -E-eo- --ejkiBjCk ■ er, 



i=l 

where D = Yli=i Then the adjoints of this two operators with respect 
to (•, •) are 

f^* v-r 1 Ky/ — 1 1 ^ 1 ^ 

Vj = - Vj - -Pijeo ■ Sj ■ H — Ci ■ --ei -E-eo- --ajkiBjCi ■ • er, 

^ I Sk 1 1 

D* =D - -pueo ■ +—\^- -E-eo- +^£jklBjek - ei - . 



Now we derive the Weitzenbock formulas for D and ID* 
Theorem 4.1. 

D*D = V*V + 'R, 

DD* = v'*v' + n', 

where 



(4.1) 



^ 1 K^/—l 1 1 

V =Vi - -Pijeo ■ ej - H — • --E • • cq • +-ejkiBjek ■ e; • e^, 



U=^{fi- Uieo - ei-) + divEeo - -divBei • 62 • es • ^ ^ ejuBjek ■ er, 
TZ' =^(a* - ^'i^o ■ Gi-) + divEeo - +divBei • 62 • 63 • -Ky/^EjkiBjek ■ er, 
with 

n =^jPij — ^iPjj — "^SijkBjEk, 
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(4.2) 



(4.3) 



Proof: By straightforward computation, we have 

D*D =V*V + \[R+ i^Piif + + 1-^1^ + I^P 

~ ^iPjj^i ■ ^0 • -^VjE'jei • Cj • eo • +-E'ieo • V, 

— E ■ ■ D — -ejkiViBjCi • • e/ • —ejkiBjek ■ V; 

1 

^ ^jklojCk ■ ei ■ —-EjkiUjrjkei • cq • • 

Note that 

V*Vi = - ViVi + \[^P% + + 3|S|2 + 3|5 

- divEeo ■ +^'ViPijeo ■ ej ■ +]^£jkiBjEkei ■ eo- 

K,yf^ 1 

^ — EjkiBjek ■ ei ■ -E ■ cq ■ D - -^iEjCi ■ ej ■ cq- 

+ -^£jkN iBjCk ■ ei ■ ei ■ +Eieo ■ Vj — EjkiBjek ■ V/. 
Combining ()4.2p and (14. 3p . we have 

D*b =V*V + ^ + ( ^P^^f - ^Plj + - 2|^|^ - 2|5| 

- ^i^jPij - ^iPjj - '^^ijkBjEk)eQ ■ ei ■ +divEeo- 

T 1 

^ — EjkiBjek ■ ei ■ --£jkNiBj{ei ■ ek ■ ei ■ +ek ■ e; • e^). 

Note that 

£jkiViBj{ek ■ ei ■ ei - +ei ■ ek ■ e/-) = idivBei ■ 62 • 63-, 

thus 

D*D =V*V + \{R+ iY^Pii)^ - + ^''^ " ^1^1^ " 

1 ^ 

~ 2 (^J^'*^' ~ ^■^Pii ~ '^^ijkBjEk) eo • ei- 

T 

This proves the first formula in (j4.ip . The second formula is proved similarly. 
Q.E.D. 

Remark 4.1. If k = 0, the formulas in ()4.ip ore reduced to the Weitzenbock 
formulas for the asymptotically flat Einstein-Maxwell initial data set [9\. 
And if E = B = 0, the formulas in (|4.ip are the same as the formulas for 
asymptotically AdS spacetimes [201 [13 ■ 



+ divEcQ ■ —divBci • e2 • es • — EjkiBjCk • ei 
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The modified dominant energy condition we impose to prove the positive 
energy theorem is 



-fi > max<{ + [divEY + [divBY + k\B\ 



^|i/'|2 + {divEY + {divBY + Ak\B\ 



(4.4) 



Remark 4.2. The modified dominant energy condition ()4.4p is the same 
as the one used to prove the positive energy theorem for asymptotically flat 
manifolds with electromagnetic fields if k = 0, and is reduced to the standard 

dominant energy condition Tqq > \ Ylii '^oi if E = B = 0. 



In order to calculate the boundary term of the Weitzenbock formula, we 
will define a new connection and see the difference of two connections on 
the spinor bundle. Most of the results presented here are due to the work 
in [21 [23l I20j . These are written down here just for completeness. Recall 
that g = g + a with a = ©(e"^'"''), Va = 0(6"^'"''), Wa = Oie'^"''). 
Orthonormalizing Cj yields 

ei = ei- ^OikCk + o(e"^'"''). 

This provides a gauge transformation 

A : SOig) ^ SOig) 



(and in addition cq i— >■ cq) which identifies also the corresponding spinor 
bundles. 

A new connection is introduced by V = ^ o V o . Then we have 

Lemma 4.1. {Prop.3.2, [24J) Let {M,g,h) be a dimensional asymptoti- 
cally AdS initial data set. Then 

Re{<P,e,-ej-{Vj-Vj)(^) = ^(V^5^i - V.trg(5) + o(e~™)) I (4.5) 
for all(pe r(S). 



We can extend the imaginary Killing spinors <I>o in (2.4) on the end to 
the whole M smoothly. Then corresponding to g we may get the spinors 

¥o = -4$o- Let Vx = Vjf + ^kX-, then 



-Kajkek-^o + o{e ^'''')$o- 



(4.6) 
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For any compact set K C M, denote H^{K,'B) as the completion of 
smooth sections of S\k with respect to the norm 

M\miK,s) = + dVg. 

And let H^{M,S) be the completion of compact supported smooth sections 
Cq°(E>) with respect to the norm 

Then H^{K,S) and S) are Hilbert spaces. Furthermore, we have the 

following Poincare inequality. 

Lemma 4.2. There is a constant C > such that 

I \(l}\''dVg <C I |V(Apdyg, (4.7) 
Jm Jm 

for all (j) e H^{M,S). 

Proof: As C^(S) is dense in H^{M, §), we just need to prove the inequal- 
ity for (p € C^{S). The required inequality is then obtained by continuity. 

Separate M into two parts K and M \ K, where K is a compact set and 
M \ K is the end. Then for any c/) G C^ls), 

[ \^\''dVg<c( [ \V<P\^dVg+ [ \<P\^da), (4.8) 

Jk \Jk Jd(M\K) / 

where C is a positive constant. The inequality is obtained by contradiction 
as follows. Suppose it is not the case, then for any n G N, there exists 
(pn S H^{K,S) with ||</'n|||2(x§) ~ ^ such that 

[ iV^^dVg + / |(/>„|2da < -. 

Jk Jd{M\K) IT' 

Hence is bounded in H^{K, S), and there is a subsequence, still denoted 
by {(pn}, converging to some (/)oo S H^{K,S) weakly in H^{K,S). Then 

\\4'oo\\m{K,s) < liminf ||0n||Hi(7^,§) = 1- 

By the Rellich theorem, there is a subsequence, still denoted by con- 
verging to (poo strongly in L^(K, S), thus ||i;^oo||L2(_ft',§) = 1- Therefore, 

\N4>oo\\l2(K,S) = 0, 

and ^ ^ 

D(poo = V0OO = 

on K. Furthermore, H^{K,S) is compactly embedded into L'^ {d{M \ K) ,S) 
by Rellich theorem, then (poo\d(M\K) = 0. Extend (poo to be zero outside 

K along d{M \ K), then (poo G H'^{M,§) and D(poo = 0. Thus (poo G 
C°°{intK U d{M \ K)) by the interior regularity of Dirac-type equation [1]. 
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Then (p^o = by the Weitzenbock formula (14. ip of D and the modified 
dominant energy condition (j4.4p . which contradicts ||(/'oo||l2(j^§) = 1. 



Under the asymptotical condition (j3.2p , the volmne element dVg on M^o = 
M\K is equivalent to dfi = e'^'^^drdQ, where dQ is the unit volume element 
on S^{1). Wejustneedto prove corresponding inequality for the new volume 
element. 

^e^'^'^drde =— [ \(l)fd{e'^'''-)dQ 



Moo 2k Jr3\b{0.Ro) 



2k 

Note that 
1 

2k 
1 

< — 
-2k 



^ / \<t^?da [ dr\<P\^df,. 

JdB{0,Ro) JM3\B{O.Ro) 



dr\(f)\'^dn 
R3\B(0,flo) 



2|(Ve,<^,0)| + \pM^ + Klcpf + \E\\cl)f + \BM^) dfi 



<l I \^\^df,+ - [ |(Ve,<^,</>)|d/i 

'R3\B{0,i?o) JK»\B{0,i?o) 



"2 



2k 



R3\_B{0,iJo) 



thus 



/ IcPl^df, [ \^\^da + - [ |V0pdM 

+ + ^ + ^e-^o) / l^pd/.. 

\^ K ZK / JM3\B(0,iJo) 

Choosing e small enough and Rq large enough gives 

/ \(^?dii<-Cil \(^\^da + C2 [ |V0p, (4.9) 

Jr^\B{0,Ro) JdB{0,Ro) Jr^\B{0,Ro) 



for some constants Ci > 0, C2 > 0. Combining (j4.8p and (j4.9p . we get the 
desired Poincare inequality. Q.E.D. 

Lemma 14.21 has the following useful corollary. 
Corollary 4.1. J^^ \V(j)\'^dVg is an equivalent norm for H^{M,S). 



To prove the main result, we shall prove the following key existence and 
uniqueness theorem for the Dirac-Witten equation. 
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Lemma 4.3. Suppose {AI, g,p, E, B) is an asymptotically AdS Einstein- 
Maxwell initial data set of order r > |, then there exists a unique spinor 
^>i G H^{M,§) such that 

5($i + io) = 0, 
where is the imaginary Killing spinor defined by (j2.2p . 

Proof: We follow the arguments of \24:\ [20] to prove the lemma, set 

JM 

then Corollary 14.11 and the modified dominant energy condition (14. 4p imply 
that B{-,-) is a coercive bounded bilinear form on H^{M,S). Set 

F{(l)) = - f {D^o,m. 

J M 

By the definition of $0) we have 

Vi¥o =(Vi - Vi)¥o + ^i^o - ^Pijeo ■ ej ■ ¥o 

1-1 - 

- -E ■ a ■ eo ■ ^0 - -^^jkiBjCk ■ ei-Ci- ^q. 

The expressions ([22]), ([32]), and (jM]) imply that V¥o G L^{M,S) and 
then D^o G L^iM, S), thus F{-) is a bounded linear functional on H^{M, S). 

By the Lax-Milgram theorem, there is a unique $i E //^(M, S) satisfying 

weakly. Set ^> = ^>i + $o, ^' = D<^, then ^' G L'^{M, S) and i)*^' = weakly. 
By the elliptic regularity for Dirac-type equation we have ^' G H^{M, §) 
and D*^ = in the classical sense. Then the Weitzenbock formula ()4.ip 
and the modified dominant energy condition (j4.4p imply that V'^' = 0. We 
thus have \di In < k + |p| + \E\ + on the complement of the zero set 
of ^ on M. As a consequence, if there exist xq £ M such that ^'(xo) 7^ 0, 
then 

> |$(xo)|2e('^+H+l^l+l^l)(l"»l-l"l). 

This implies that is not in L^(M, S), which is a contradiction. Thus 

^' = 0, and D{<^i + $0) = 0. Q.E.D. 
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5. Positive energy theorems 



Let (j) = ^0 + ^i, where $i is the solution given by Lemma 14.31 By 
integrating the Weitzenbock formula ()4.ip for D, we get 



|V0|'*i + / {(t>,n<p)*i 

M Jm 



lim Re 



- lim / (V^5i, -Vitr^((7))|$. 



^ 



+ ^lim / K{aki - gkitrg{a)){^o,V^ek ■ ^o)u} 
- ;^ lim / {hki - gkitrg{h)){^o,eo ■ ek ■ ^o)uj 

I r-s>oo Jg^ 

+ lim / S^($o,eo • ^>o)u; 

-lim / i3-'^(<I>o, ei • 62 • 63 • <I>o)ciJ. 



(5.1) 



By the Clifford representation (j2.ip and the explicit form (j2.2p of <I>o> the 
boundary term is equal to 

8vr(Ai, A2, A3, A4)(5(Ai, A2, A3, A4)*, 
in which the matrix 



where 



E 



Q 












- C3 


Ci - \/^C2 \ 


+bo 


-63 


+5l - ^/^62 


ci + V 


^C2 


^0 + C3 


\+h + ■ 


/^62 


+&0 + ^3 / 



^0 +C3 
-60 - ^3 





-Eo - C3 

-60 + h-i 
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/ C'3 -C'i + J2 \ 

+^{q-.h) +^/^(c'2 + Ji) 



L 



-c'l - J2 



The nonnegativity of the Hermitian matrix Q can be seen from the in- 
tegrated form of the Weitzenbock formula (|5.ip and the dominant energy 
condition (I4.4|) . 
Denote 



C = (C1,C2,C3), c' = (4,02,4), J = (Ji, J2, J3), b 



\L\ 



2(|cf + I J|2 + q^), A = hl + |c|2 + |b|2 + \cf + I J|2 + 



(^1,^2,^3), 

2 



When we consider the asymptotically AdS initial data set, we can obtain 
the nonnegative Hermitian matrix Q above with g = b = 0. For this case, 
we have the following theorem. 

Theorem 5.1. Let {M,g,h) be a dimensional asymptotically AdS initial 
data set of the spacetime {N, g) which satisfies the dominant energy condi- 
tion. Then we have 



Eq > max 
where 



Lr + 2|c 



1 

2\ 2 



1 



LP + 2|c' X J| 



1 

n2\ 2 



1}, (5.2) 



= V2\c\\L\ + ^|c|l|L|i. 



Proof: Since the Hermitian matrix Q is nonnegative, all the principal 
minors of Q are nonnegative. From the nonnegativity of the first-order 
and second-order principal minors of the matrix Q, one finds Eq > |c| and 
Eq > 2 1-^1- 

The sum of the third-order principal minors implies that 
<2Eo{E^ - |c|2) - Eo\L\'^ + 4|c||c' x J| 
<2Eo{E^ - |c|2) - Eo|ip + 2|c|(|c'|2 + |J|2) 



<2Eo{E^ 



EolLl"^ + 4\c\E, 
1, 



=2i?o[(i^o + |c|)2-2|c|2--|L|2] 



If Eq > 0, then one has 



Eq > -iLr + 2|c 



1 

2\ 2 



(5.3) 



If Eq = 0, then this is a trivial inequality as -Eg ^ |c| and Eq > ^\L\. 
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Direct computation shows that 
detQ <{eI - |c|2 - ^I^P)^ - 4|c' x + SE^olcl |c x j| 

= {El + |c|2 - i|L|2)2 + 2|c|2|L|2 - (2E,\c\ - 2|c' x j|)' 

<{El + |c|2 - i|L|2 + ^/2\c\\L\f + V2\c\\L\' - {2E^\c\ - 2\c' x 

The inequality ([O]) implies + |c|2 - + V2|c||L| > 0. One can verify 
that 

detQ<[El + |c|2 - i|L|2 + ^/2|c||L| + ^|c|5|L|i^^ 

A 2 

2£;o|c| - 2|c' X J| 

Thus El + |c|2 - 1|L|2 + \/2|c||L| + ^|c|^|L|i > -2£;o|c| + 2|c' x j| and 
the inequality follows immediately. Q.E.D. 

Remark 5.1. //c = 0, the inequality Eq > ^^|Lp + 2|c' x j| — ^ — |c| is 

reduced to (3.1) in [7J. Here we remove the assumption that mi^^-^ is timelike 
in [7]. 

Theorem 5.2. Let {M, g,p, E, B) be a dimensional asymptotically AdS 
Einstein-Maxwell initial data set of the spacetime (N, g) which satisfies the 
modified dominant energy condition (j4.4p . Then the nonnegativity of the 
Hermitian matrix Q implies the following inequality: 

E, > max{{bl + \\L\')K (i(|cp + |bp) + ^ (A + |bp + |cp)l 

1 1- ' 



A - 4V2{ ^{boci + qJif + |c' X J|2)^ + ^l] ' }' 



where 

/+ = max{f, 0}, 



F =32|c' X J|2 + 4|c X J|2 + 36^(5oCi + gJj)^ + 4|b • + 4|b • J| 

i 

+ 4|b • c'|2 - 8\/2( ^(6oCi + qJif + |c' x Jp) 5 A 



Proof: The nonnegativity of the first-order principal minors ensures Eq > 
0. And from the nonnegativity of the second-order principal minors, one 
finds 

i?o> (6^ + J(|cf + |Jp + g2))^ (5.4) 



and 



i^o>(^(|cp + |bp) + ^(|c'p + |Jp + g2))^ (5.5) 
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The sum of the third-order principal minors is given, up to a positive 
constant, by 

S =Eo{El - A) + 26ob • c + 2gb • J + 2eijkCic!jJk- 
Using the Cauchy inequahty, one derives 

S <Eq{eI -A) + 2^o|b||c| + 2|g||b||J| + 2|c||c' x J|. 

As |g||J| < \{\q\^ + |J|2) < El and |c' x J| < \{\c'\^ + jjp) < El, one can 
obtain 

So((^o + |c| + |b|)2 -A- |c|2 - |b|2) > 0. 
If i^o > 0, one finds 

^0 > (^ + |bp + |c|2)i - |b| - |c|. (5.6) 

When £^0 = 0, the inequahty (j5.4p . together with the inequahty (|5.5p . shows 
that Q = 0. In this case the inequahty (|5.6p becomes trivial. 
Similarly, we have 

26ob • c + 2qh ■ J + 2eijkCiCjJk 

<2(|b|2 + |c|2)l ( V(6oQ + qJif + |c' X J|2)^ 

i (5.7) 

<2V2Eo{^iboCi + qJif + \c' X Jp)^. 
i 

Therefore, 

S <Eo{El -A) + 2V2Eo{^{boCi + qJ^f + |c' x J|2)i 

i 

This implies 

^2 > A-2^/2(J^(6oc^ + gJ^)2 + |c' X J|2)^ (58) 



if -Bq > 0. When iiJo = 0, this inequality can be derived by (j5.4p and (j5.5 
The determinant of the matrix Q is 

detQ =[eI- Af + 8£^o(&ob • c + gb • J + SijkCiCjJk) 

- 4|c X c'|2 - 4|c X J|2 - 4|c' X - 46g|b|2 - 4g2|b|2 

- 4 J];(6oCi + qJ^f - 4|b • c|2 - 4|b • J|2 - 4|b • cf 

- SboEijkbic'jJk — SqEijkbiCjc'j^ 

<{El - Af + 8Eo{boh ■ c + qh ■ 3 + EijkCic'jJk) - 4|c x 

- 4^(6oCi + qJ^f - 4|b • c|2 - 4|b • J|2 - 4|b • cf. 
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By ()5.7p . one obtains 

detQ <{El - Af + sV2El(^{hoCi + qJif + \c' x Jp)^ _4|c x 

i 

- 4^(6oCi + gJi)^ - 4|b • - 4|b • Jj^ - 4|b • c'\^ 

i 

=(£;^-A + 4\/2(^(&oCi + gJi)^ + |c' X J|2)^)2_4|c X J|2 

i 

+ 8\/2(^(6oCi + gJi)2 + |c' X J|2)M-32|c' x Jp 

i 

- 36^(6oCi + qJif - 4|b • c|2 - 4|b • Jp - 4|b • c'p. 

i 

Using (I5.8p . we get 

>^ -4^2(^(60 Ci + gJi)2 + |c' xJ|2)^ + 

i 

The inequality follows immediately. Q.E.D. 

Remark 5.2. Suppose M has inner boundary S = US^ U US^, where Tif 
and Tij' are future and past trapped surfaces, defined as 

S+={tr(/i)-tr(p|sJ>0}, 
Sr={tr(/i)+tr(p|Ej>0}. 

// we take 63 as the outer unit normal of S in M and take the boundary 
conditon cq ■ e^ ■ (j) = ±0 on Tif, then 

[ ((/),e3-5</. + Ve3 0) 

Jt, 

is non-positive. In such situation, Lemma 14.21 and Lemma 14.31 are all valid. 
Similar arguments appear in [2T]. This verifies Theorem \5.2\ for black holes. 

Remark 5.3. // Eq = 0, there are four linearly independent spinors satis- 
fying V(/) = 0. The characterization of the manifold M in such case will be 
addressed elsewhere. 



6. Kerr-Newman-AdS case 



In this section, we will calculate our definitions for time slices in the 
Kerr-Newman-AdS spacetime [5]. 
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For Kerr-Newman-AdS spacetime, the metric in the Boyer-Lindquist co- 
ordinates (t,f,0,(y9) is 



Af. r 

7 



asm t> J 
at -; — dip 



A. 



A,sin2 0\ . r2 + a2 , j2 
H — 5 adt — — dip 



where 



If we take 



Af. = (f^ + a^) (l + K^f^) - 2mf + 



= 1 - K^a^ cos^ ^ 
S = 1 - n^a^. 



/a; 



(it 



asm 



/A. 



-.dO, 



sin 9 



adt 



/a: 

+ a^ 



then the field strength tensor is 



1 ^ 2 - 
F = jeff^ - a^ cos^ 9)e° A jefa cos 6*6^ A e^. 



Similar to the process in [10], after the coordinate transformations 



t = i, if = if + K^ai, sinh(Kr) cos 9 = Kr cos 9, 



S sinh(Kr) sin 9 = k\/ + a^ sin ^, 



the Kerr-Newman-AdS metric can be written as 



g = — cosh {Kr)dt + dr + 



2 , J 2 , sinh2(Kr) 2 



(d^^ + sin^ 0^992^ + a^^dx^'dx'' 
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where the nonzero components a^j/ have the following asymptotic behaviors 



att 



.^-5/2 ^ Q^g-3.r^ 



sinh(«;r) 



a,^ = -- sin^ + 0(e-3-), 

smh(Krj 

a^^ = sin^ OB-'/' + 0(e-3-), 

- - ^""^ ■cosh(Kr)25-3/2 + 0(e-^^^-: 



5 



sinh(Avr) 

= - "^ cosh(Kr) sing cos g^-^/^ + 0(e-^^M, 

sinh(Kr)* 



sinh(Kr)3 



B = l- a^K^ sin^ 6'. 



Simple calculations show that for f-slices, the quantities with the order not 
higher than e~^'^^ are 

an = 16mKB-3/2g-3Kr- ^ ^(e-^^'^O, 

and 



£i = 2Kaii + drttss. 



We also have 



=16K=^eaB-5/2 cos^e-^^'^'' + o(e-=^'^^). 

Finally we get for Kerr-Newman-AdS spacetime 

m m/ca e 4«;ae 

Ji = J2 = bo = bi = b2 = Ci = c'j^ = 0, z = 1, 2, 3. 
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7. Appendix 

The Killing vectors of AdS spacetime are 



-1 d 
C/40 =n- ^, 



U 
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sin0 dijj 



(J / (J 

Uio =K~^ sm6 cosih- — |-coth(«;r)( cos^cosV'tt;: 
or \ o0 

d w X / ■ , "9 cosV' d \ 
U20 =K sme'sin'^— +coth(Kr) cost'sm^'T^ + . „ 777 h 
or \ ad sm u dip/ 

d d 

U30 =K~^ cos 9— coth(«;r) sin 6-^, 

dr dd 

Ui4 =K~^ tanli(Kr) sin COS -0 — , 

d 

U24 tanli(Kr) sin sin 

d 

C/34 =K~^ tanli(K;r) cos 9-^, 

. , d cos cos -0 d 
U23 = - smip— 



d9 sin 9 dip ' 

, d cos 6* sin ■iA d 
U31 =cosip — 



de sin9 dip' 

d_ 
'di;' 

We set Vi = U23, V2 = U31 and ¥3 = U12 for convenience. 
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